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ABSTRACT 
Let (A, w) be a k th-order Bernstein algebra and let N be the kernel of W. This 
article studies the structure of such algebras in which N2 has dimension one. The 
algebras are of two types, I and II, according as N 2 C_ U or N s g U. A characteriza 
tion of the algebras of type I is given. Power associative k th-order Bernstein algebras 
with dim N s = 1 are then considered: they turn out to be Bernstein algebras of at 
most second order, and multiplication tables for these algebras over the real field are 
given. Finally, second-order Bernstein algebras of type II are examined and a 
structure theorem for them is obtained. 0 Elsetier Science Inc.. 1997 
1. INTRODUCTION 
A finite-dimensional commutative nonassociative algebra A over a field K 
is called batic if there is a nontrivial homomorphism o: A + K. Such an 
algebra is called a kth-order Bernstein algebra if x[~+~] = w( xj2’xLk+ ‘1 for 
all x E A, where x[“] is defined inductively by 
$1 = x, X[r+ 11 = .Jrl*[rl for all r E N. 
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We also define the following powers inductively: if x E A then 
Xl = x xr+ 1 = XrX for all r E N. 
These algebras were proposed by Abraham in [l] in connection with the 
problem of classifying populations that achieve equilibrium at the (k + I)st 
generation. The structure of first-order Bernstein algebras (usually referred to 
simply as Bernstein algebras) has been studied extensively, and recently a 
number of authors have started to investigate higher-order Bernstein algebras 
(see [2-71). 
The weight homomorphism w of a k&order Bernstein algebra A is 
uniquely determined (see, for example, [4]). Let N denote the kernel of w. 
Costa [S] and Hentzel and Peresi [9] studied the problem of classifying 
(first-order) Bernstein algebras such that N 2 is one dimensional. The pur- 
pose of this article is to consider this problem for higher-order Bernstein 
algebras. 
In Section 6 we obtain some results for general kth-order Bernstein 
algebras satisfying this property: in particular we sort them into two types. 
The third section then provides a more detailed description for algebras that 
are also power associative: when the underlying field K is the real numbers a 
complete classification is given. The power associative algebras turn out to be 
at most second-order Bernstein algebras. Section 4 is devoted to the problem 
of second-order Bernstein algebras that are not necessarily power associative. 
2. THE GENERAL CASE 
Throughout A denotes a kth-order Bernstein algebra over a field K of 
characteristic different from 2 with at least 2k+’ elements. Picking x E A 
with o(x) # 0, it is easily seen that e = w( x)-~‘x[~+‘] is an idempotent of 
A. If N = Ker w then A/N is isomorphic to K and so A = Ke i N (vector 
space direct sum). Let L, denote left multiplication by e acting on N. Then 
2 Lk,” = Lk,, giving the decomposition A = Ke i U i 2, where U is the 
kernel of 2 L, - I and 2 is the kernel of Lk,. Furthermore U2 c Z. [See [4] 
for detailed proofs.] 
Now suppose that N2 is one dimensional. Then it is easy to see that the 
multiplication in N is given by 
“y = qx, y)n for all x,y=N, 
where n is a fixed element of N and A((x, y) is a symmetric bilinear form. 
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THEOREM 2.1. lf N” = Kn then n2 = 0. Also, xtsl = 0 j%r all x E N. 
Proof. First note that n2 = A(n, n)n, nL3] = A’(n, n)n’ = A3(n, n)n, 
ni41 = ~“(n, n)n2 = A’(n, n)n. A simple induction argument shows that 
.[k+zl = A”‘+‘-‘(n, n)n. 
But ntk+‘l = 0 from the k th-order Bernstein identity, so A(n, n) = 0 and 
n2 = 0. Thus. 
,I4 = (x2)2 = (A( x, +)” = A’( x, x)n” = 0. ??
Define N[“‘l inductively by 
N[‘l = N. N[r+ 11 = N[rlN[rl. 
Then we have the following result. 
COROI,I~AHY 2.2. N’:” = 0. 
Proof. We have N2 = Kn, SO Nt”’ = Kn” = 0. W 
We say that A is of type Z or type II according as n E U or n E U. The 
type I algebras are the more straightforward in the following sense. 
TIIEOHEM 2.3. The following are equivalent. 
(i) A is a kth-order Bernstein algebra of type 1; 
(ii) A is a baric algebra with weight homomorphism w and idempotent e 
relative to a>hich A = Ke i N, where N = Kero = U i Z, eu = $A, for all 
u E U, L:(z) = 0, for all z EZ, N2=Kn~UandU2=0. 
Proof. (i) 3 (ii): This is straightforward. (Note that U2 c N2 f’ Z c U 
n z = 0.) 
(ii) j (i): Let x = (ye + u + z E A, where CY E K, u E U, z E Z. Then 
x.2 = a2e + 22 + c~u + 2crez + 2142 
= Ly’e + u1 + 2ae2, where ui = .z2 + (Yu + 2uz E u. 
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A straightforward induction argument shows that 
where u,_i E U. Since L:(z) = 0 we have xlk+il = CYSTS i- uk, and so 
4k+21 = a2k+‘, + a2’uk = (y2’;;[k+ll 
and A is a k th-order Bernstein algebra. Clearly A is of type I. ??
Type II algebras are more problematic and so we impose further condi- 
tions to make progress. 
3. POWER ASSOCIATIVE kTH-ORDER BERNSTEIN ALGEBRAS 
Here A is as in Section 2, with the extra assumption that A is power 
associative. Then, with the same notation as before, we have U 2 G Z as 
previously, but also Z2 c Z, UZ c U and eZ = 0 from power associativity 
(see [7, Corollary 3.21). 
THEOREM 3.1. Nn = 0 and N3 = 0. 
Proof. We first show that N is a Jordan nilalgebra. It follows from 
Corollary 2.2 and the fact that N is power associative that x4 = r131 = 0 for 
all x E N. Hence A((x, x)A( x, n)‘n = 0, from which for each x E N either 
A(r, x) = 0 or A(x, n) = 0; that is, for each x E N either x2 = 0 or m = 0. 
Now for every x, y E N we have x2(yx) E Nc3] = 0. Further (x”y)x = 0 
(clearly so if x 2=O;ifnot,then x2y= An for some A E K and xn = 0). 
Thus, N is a Jordan nilalgebra (of nilindex at most 3, since x3 = 0 if xn = 0), 
and so is nilpotent. Now L:(n) = A(x, n)kn = 0 for some k, whence 
A( x, n) = 0 and Nn = 0. Hence N 3 = 0 since N 2 = Kn. ??
THEOREM 3.2. Zf A is not a first-order Bernstein algebra then it is a 
second-order Bernstein algebra, N2 c Z, UZ = 0 and Z2 # 0. 
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Proof. Suppose first that n $5 Z. Then U2 = Z” = 0 since U ‘, Z” c Z, 
as pointed out in the first paragraph of this section. Let x = oe + u + z, 
where a! E K, u E U, z E Z. Then 
x2 = ff’e + cru + 2uz, 
and 
xt31 = a4e + 03u + 2ff2uz, since fez E U, 
Thus A is a first-order Bernstein algebra. 
So suppose now that n E Z. Then UZ = 0 since UZ c U, and N2 c Z 
since Z2 c Z. Let x = (ye + u + z as before. Then 
x2 = ff2e + u2 + z2 + au. 
x[3l = a4e + ff2u2 + a3u, 
and A is a second-order Bernstein algebra. It is also clear in this case that A 
is a first-order Bernstein algebra if and only if z2 = 0 for all .z E Z. Thus, if 
A is a second-order Bernstein algebra but not a first-order Bernstein algebra, 
then Z” # 0. ??
Note that the only algebras in the above theorem that are not first-order 
Bernstein algebras are of type II and that they are second-order Bernstein 
algebras. 
In [9] the power associative first-order Bernstein algebras with N 2 
one-dimensional were completely classified when K is the real field. We can 
now extend this classification to include all kth order Bernstein algebras 
satisfying these same conditions. 
THEOREM 3.3. Let A = Re i U i Z be a power associative kth order 
Bernstein algebra over IF! with dim N 2 = 1. Then A is a first-order Bernstein 
algebra (and so as given in [g]), or A is a second-order Bernstein algebra with 
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a basis {e, ul, . . . , u,, z 1, . . . , .zs} and nonzero products 
e , 2re I eu, = pi (1 <iGr), 
2= 
i 
n (1 <i<k) zi 2= n 
-n (k<i<k+t) uJ i 
(1 <i -<p) 
-12 (p<i<p+q) 
(for some k, p > 0, t, y > 0, k + t < S, p + 4 < r and either k + 0 or 
t # 01, where n E 2. 
Proof. Since UZ = 0, if {ui,. . . , u,.} is a basis for U and {zi, . . . , z,} is a 
basis for Z, then uiuj = hijn, zi.zj = piin, where A = (Aij), M = (pij) are 
real symmetric matrices. The multiplication in N is given by the matrix 
A 0 
( 1 
o M . Since the underlying field is 1w we can change the bases in U, Z to 
reduce this to the form diagonal (I, x p, - I, x q, 0, I, x k, - I, x t, 0). This is the 
required basis. ??
4. SECOND-ORDER BERNSTEIN ALGEBRAS OF TYPE II 
In this section A denotes a second-order Bernstein algebra in which 
N 2 = Kn and n P U (the notation being as before). Since U 2 c Z we have 
either U2 = 0 or n E Z; this simplifies our calculations by allowing us to use 
the identities given in [3] rather than having to linearize the appropriate 
Bernstein identity. We build up our main result through a sequence of 
lemmas. 
LEMMA 4.1. The following relations hold in A for evey u E U, z E Z. 
6) 
(ii) 
(iii) 
(iv) 
(v) 
u(es> + e(c) E U; 
ez2 + 2(ez)” E U; 
u”(ez) + f&z) E U; 
uz2 + 4(uzXez) E U; 
z2(ez) E U. 
Proof. These follow easily from Theorems 1 and 5 of [3]. ??
LEMMA 4.2. Suppose that hex + pux E U, where x E N, x E U, 
A, p E K. Then p = 0 and Aex E U. 
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Proof. We have that Ae(ex) + pex E U. But e(ex) E U since (L,)‘Z 
= 0, so pex E U. If p z 0 then hex E U, whence /.LX E U, implying that 
I_L = 0, a contradiction. Hence Al. = 0 and hex E U. ??
LEMMA 4.3. The$dlowing relations hold for every 11 E U, z E Z. 
(i) u(ez) = 0; 
(ii) C(C) E U; 
(iii) (~2)’ = 0; 
(iv) ez2 E u; 
(v) ti’(ez) + U(E) = 0; 
(vi) uz2 + 4(uz)(ez) = 0; 
(vii) -“(ez) = 0. x 
Proof. (i), (ii): We h ave e(z) = Aen, de=;> = pn for some A, p E K 
and n G? U, so these identities follow from Lemma 4.1 (i) and Lemma 4.2. 
(iii), (iv): These follow similarly from Lemma 4.1 (ii) and Lemma 4.2. 
(v): The element n2(ez) + U(C) is a scalar multiple of n, and so Lemma 
4.1 (iii) implies this identity. 
(vi), (vii): These are similar to (v) using Lemma 4.1 (iv), (v) respectively. ??
LEMMA 4.4. Suppose that (xy)z = 0, where x, y, 2 E N. Then either 
xy = 0 or 31 = 0. 
Proof. Let xy = An, zn = pn, where A, p E K. Then 0 = (xy)z = 
Awn, so A = 0 or p = 0, giving the desired result. ??
THEOREM 4.5. Let A be a bark algebra with weight homomorphism w, 
e be an idempotent in A, and A = Ke i N, where N = Ker w. If N = U i- Z, 
where U = {x E N : ex = ix}, Z = {x E N : e(ex) = O}, and N” = Kn for 
so11ze n E N \ U, then A is a second-order Bernstein algebra if and only if 
the following are satisfied for eveq u E U, z E Z. 
(i) U(eZ) = (eZ)” = 0; 
(ii) UZ, Z2 c U + Ker(L,), U’ c Z; 
(iii) u”(ez) = 0; 
(iv) u(uz) = 0; 
(v) n22 = 0. 
(vi) (uzxeei = 0; 
(vii) z “(ez) = 0. 
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Proof. Suppose first that A is a second-order Bernstein algebra. Then 
(i), (ii), (vii) follow easily from Lemma 4.3 (i), (ii), (iii), (iv), (vii) and the 
Proposition in [4]. If UZ = 0 then (iii), (iv), (v), (vi) are immediate from 
Lemma 4.3 (v), (vi). 
So suppose that UZ # 0. Th en UZ = Kn and so n E U + Ker(L,,) by (ii), 
whence 
U* c (U + Ker( L,)) fl Z = Ker( L,,). 
Putting z = u2 in Lemma 4.3 (v) we have rl’(eu2) + u4 = 0, from which 
u4 = 0. Applying Lemma 4.4 twice we deduce that u2 = 0 or un = 0. 
Combining this with Lemma 4.3 (v) gives (iii), (iv). 
Applying Lemma 4.4 to Lemma 4.3 (vii) shows that z’ = 0 or (ez>n = 0. 
Combining this with Lemma 4.3 (vi) gives (\r), (vi). If, conversely, (i)-(vii> 
hold, then use Theorems I, 5 of [3], or check the relevant Bernstein identity 
directly. ??
COROLLARY 4.6. Let A be a second-order Bernstein algebra (If type II. 
Then either 
(i) UZ = 2’ = 0, in which case eZ c ann A and A/eZ is a first-order 
Bernstein algebra, or 
(ii) A2 = Ke $ U -k Z,, where Z, = (cZ + N2) n Z, eZ, = 0, UZ, = 0, 
and either Z: = 0 or U2 = 0. 
Proof. Suppose first that UZ = Z’ = 0. Then e(eZ) = 0, U(eZ> = 0 
from Theorem 4.5 (i), and Z(eZ) c Z” = 0, so eZ c ann A. It is easy to 
check that A/eZ is a first-order Bernstein algebra, and case (i) holds. 
So suppose now that UZ # 0 or Z” # 0. Then N2 = Kn c U + Ker( L,,) 
by Theorem 4.5(n), whence eN2 c U. Thus, if n = n,, + n,, where n,, and 
nz are the projections of n onto U and Z respectively, then 
We have n E Ker(L,) from Theorem 4.5(ii), so eZ, = 0. 
Now Z! c (eZ)” + NC31 + (cZ)N’ c (eZ> N2 by Theorem 4.5(i) and 
Corollary 2.2, and UZ, c U(eZ) + UN” c UN’, by Theorem 4.5(i). 
If U2 # 0 then n E Z and ZLY~ = A,, n for all u E U. Hence, by Theorem 
4.5(iv), 0 = u(un) = A,,un = A~YL. It follows that A,, = 0 and so Un = 0, 
whence UN2 = 0, giving UZ, = 0 from above. Moreover, since U’ # 0, 
u2 = An for some 0 # A E K, and so from Theorem 4.5(iii), (ez)n = 0 for 
all .z E Z; that is, (eZ)N’ = 0. Thus ZF = 0. 
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So let U2 = 0. Then m = un, + mz = m, = h,n, + h,n,. Hence 
0 = u(unz) = h,un, = Atn, so A, = 0 and un = 0. Thus, UN2 = 0 again, 
giving UZ, = 0 as in the previous paragraph. We have established case (ii). ??
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